We report on the dual nature (capacitive and inductive) of the surface impedance of periodic graphene patches at low-terahertz frequencies. The transmission spectra of a graphene-dielectric stack shows that patterned graphene exhibits both the low-frequency (capacitive) passband of metal patch arrays and the higher-frequency (inductive) passband of metal aperture arrays in a single tunable configuration. The analysis is carried out using a transfer-matrix approach with two-sided impedance boundary conditions, and the results are verified using full-wave numerical simulations. In addition, the Bloch-wave analysis of the corresponding infinite periodic structure is presented in order to explain the passband and stopband characteristics of the finite graphene-dielectric stack.
I. INTRODUCTION
In recent years, there has been considerable interest in the analysis of electromagnetic transmission through a variety of stacked periodic surfaces due to their broad range of filter applications. With the latest developments in fabrication technology, the transmission and reflection spectra of these structures can be realized at optical, [1] [2] [3] [4] infrared, 5, 6 terahertz, [7] [8] [9] and microwave [10] [11] [12] [13] frequencies through careful design of the constituent subwavelength periodic elements and dielectric layers. For example, these include a stack of metal apertures (mesh-grids) at microwave 12 and infrared frequencies, 5 ,6 a stack of metallic patch arrays at microwave frequencies, 13 metal-dielectric and aperture/mesh-grid-dielectric stacks at optical frequencies, [1] [2] [3] [4] and more recently a stack of graphene sheets-dielectric layers at low-terahertz frequencies. 9 Various periodically patterned graphene surfaces [14] [15] [16] [17] [18] have been designed at microwave, terahertz, and optical frequencies for tunable metamaterials, with potential applications including filters, absorbers, and polarizers. Of particular interest is the low-terahertz band which has seen an increase in graphene applications (e.g., cloaking 19 and plasmonic oscillators, 20 among others) due to the low real part of its surface conductivity, forming a low-loss surface reactance.
The spectra of these multilayer configurations consist of a series of passband and stopband regions, and the corresponding resonances of transmission within the passband are explained in terms of coupled Fabry-Pérot resonances of the individual reactively loaded dielectric slabs (that are strongly coupled through the patterned metallic surfaces or graphene sheets). Further, it was discussed in Ref. 12 that the stacked metallic apertures/mesh-grids at microwave frequencies mimic the transmission properties of a metal-dielectric stack at optical frequencies, and in Ref. 9 it was shown that a graphene sheetdielectric stack at low-terahertz frequencies behaves similar to metallic apertures/mesh-grids. In general, metal patch structures have a capacitive surface reactance, and exhibit a low-frequency passband followed by alternating stop and (generally poorer quality) passbands as frequency increases [see Fig. 4(c) ]. Alternatively, aperture/mesh-grid structures, which are complementary to the metal patch structures in the Babinet sense, 21 have an inductive surface reactance and exhibit a low-frequency stopband, followed by alternating pass and stopbands as frequency increases [see Fig. 4(d) ].
In this work, we continue our study of transmission properties of a graphene-dielectric stack at low-terahertz frequencies, 9 with the graphene monolayers replaced by twodimensional (2D) periodic graphene patches (with a typical geometry shown in Fig. 1 ). We demonstrate that because of its relatively long electronic mean-free path, patterned graphene can exhibit both the low-frequency passband/stopband characteristics of capacitive periodic metallic patches and the complementary inductive nature of aperture/mesh-grid arrays (also exhibited by graphene monolayers at low-terahertz frequencies). This functionality is due to the fact that, as explained below and which is the main point of the paper, at low frequencies the graphene patches behave as a capacitive reactive surface similar to metallic patches, and at higher frequencies graphene patches behave as an inductive reactive surface similar to a metallic aperture/mesh-grid array (or a graphene monolayer). The use of graphene in such structures is desirable due to its tunability and unique electrical, thermal, and mechanical properties: high electrical conductivity, optical transparency, and high tensile strength, among others. With developments in the fabrication of large graphene layers using chemical vapor deposition, 22 graphene has become an attractive candidate for many high-speed electronic and electromagnetic applications, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] ranging from microwave to optical frequencies.
The analysis in this paper is carried out with a transfermatrix approach for dielectric slabs and two-sided impedance boundary conditions applied at the graphene patch-dielectric interfaces. In all numerical results, the full graphene intraband and interband conductivity is used, 35, 36 although the analytical manipulations that show how the capacitive or inductive nature of the surface becomes manifest is based on the Drude intraband conductivity, which is dominant in the low-THz band of interest. Because of the subwavelength dimensions, the patches are accurately represented by a closed-form analytical surface impedance expression, obtained as a quasidynamic solution of the scattering problem. Moreover, Bloch-wave analysis of the corresponding infinite periodic structure is presented in order to explain the passband and stopband behaviors in the finite graphene-dielectric stack. Assuming a Drude response, the analytical results are validated against full-wave numerical simulations [high frequency structure simulator (HFSS)]. 37 The paper is organized as follows. In Sec. II, we present the analytical model for the surface impedance of patterned graphene or metal, demonstrating the capacitive nature of metallic patches but the possible dual nature (capacitive and inductive) of graphene patches (or any long mean-free-path material). In Sec. III, we provide a detailed description of the transmission behavior through the stack of graphene patches, and compare with metal patches. Further, we model the band diagrams of the corresponding infinite structure in order to explain the passband and stopband properties of the finite graphene-dielectric stack. Finally, conclusions are drawn in Sec. IV. A time dependence of the form e jωt is assumed and suppressed throughout this study.
II. THEORETICAL FORMULATION
A plane wave with the electric field oriented along the x direction is incident normally on a multilayer stack of patch arrays (metal or graphene) with period D and gap g between the patches, separated by dielectric slabs with relative permittivity ε r and thickness h, as shown in Fig. 1 . It is assumed that the parameters of the patch arrays and those of the dielectric slabs in each layer are the same. To understand the difference between having graphene patches and metallic patches, in the following we will consider the patches to be a general material characterized by a complex surface conductivity σ (S) having the Drude form σ = σ 0 /(1 + jωτ ), where ω is the radian frequency and τ is the phenomenological scattering time. Both graphene and metals can be modeled in this way in the low-THz regime, below the range of interband transitions, and, in fact, the analysis is valid for any Drude material. As will be shown, the value of τ for a given material is critical in determining if the resulting surface impedance of a patch array is always capacitive, or if it can be inductive. In the latter case, the ratio σ 0 /τ determines the capacitive or inductive nature of the array. The main focus is on the dual nature of graphene patches in the low THz, but we show that similar behavior occurs for metal patches in the visible spectrum.
For any Drude material we can write the Drude weight as
where, for a metal sheet of thickness d,
where −e is the charge of an electron, n e is the electron density (m −3 ), and m e is the electron mass [here we write the two-dimensional (surface) conductivity as the product of the three-dimensional conductivity and the metal thickness]. For graphene, 35, 36 
whereh = h/2π is the reduced Planck's constant, k B is Boltzmann's constant, T is temperature, and μ c is the chemical potential.
Assuming typical values of τ , the surface conductivity of graphene in the low-THz range is complex valued having a negative imaginary part and a small real part, so that the resulting surface impedance is inductive. As an example, at 1 THz, T = 300 K, and μ c = 0, σ g = 0.194 − j 0.609 mS using τ g = 0.5 ps (corresponding to a mean-free path of several hundred nanometers). This value of the scattering time for graphene is similar to that measured in Refs. 38 and τ m = 20 fs (this value would be smaller for thin metal sheets due to surface and grain-boundary scattering 41 
Therefore, for monolayers both graphene and metal have an inductive surface impedance, with the graphene being much more inductive than the metal. Physically, this is due to the relatively long electron mean-free path in graphene, resulting in a large kinetic inductance.
For a patch array as depicted in Fig. 1 , since the dimensions of the unit cell are assumed to be subwavelength, the patch array surface in each layer can be characterized by a homogeneous surface impedance Z s , [42] [43] [44] [45] 
where D is the period, g is the gap size, ε qs r = ε r for interior layers and ε qs r = (ε r + 1)/2 for layers at the top and bottom interfaces. One can represent the above impedance as a series R-L-C circuit Z s1 + Z s2 , where the first impedance corresponds to the series R-L given by the product of the resistive-inductive surface impedance Z s = 1/σ and the geometric factor D/(D − g). The second impedance Z s2 corresponds to −j/(ωC eff ), a capacitive impedance associated with the patch geometry and background environment, where
Inserting the Drude conductivity into the expression for surface impedance (4) leads to
At this point, we distinguish between effective (ωτ 1) and ineffective (ωτ 1) electron scattering regimes in the low THz, assuming the typical parameters τ m = 20 fs and τ g = 0.5 ps. The different physical behavior of these two materials is due to the fact that τ m τ g . If electron scattering is effective, ωτ 1, which is not true for graphene in the low THz assuming its typical long mean-free path but which is satisfied in this frequency range by typical metals at room temperature (e.g., at 1 THz, ωτ m 0.13; even smaller τ m values will likely result due to enhanced surface and grain-boundary scattering in thin metal sheets, 41 which would even more forcefully satisfy the inequality), then
and the surface impedance has real resistance and capacitive reactance. In this case, the geometric patch capacitance dominates the (weakly) inductive nature of the material. This always occurs for metal patches in the low THz. However, if ωτ 1, which is not true for typical metals at room temperature but which is approximately true for graphene (e.g., at 1 THz, ωτ g 3.1), then
and grid impedance is a pure reactance: positive (i.e., inductive) if α < β and negative (i.e., capacitive) if α > β, where α = σ 0 /τ and In the inductive case, the geometric patch capacitance does not dominate the (strong) inductive nature of the material. This inductive behavior can be observed even for (ωτ 1), in which case the surface impedance is not a pure reactance but is complex valued with an inductive reactance. In summary, for a material such as graphene with a sufficiently long mean-free path, we can achieve either an inductive or capacitive surface reactance of the planar patch array by adjusting the normalized Drude weight α.
In Figs. 2(a) and 2(b), the ratio α/β is shown for graphene patches at 1 and 5 THz versus period D for various combinations of μ c and ε r (other numerical parameters are the same as described above). It can be seen that for small periods we have α > β, so that the resulting surface reactance is capacitive, as occurs for metal patches. Above a critical period D at which α = β we obtain α < β and the surface reactance becomes inductive. Figure 2(c) shows the ratio α/β for a fixed period D = 10 μm as a function of frequency; at low frequencies, the surface reactance is capacitive and becomes inductive above a critical frequency where α = β. In Fig. 2(d) , we depict the ratio α/β calculated at the frequency of 1 THz as a function of μ c for various combinations of period D and r . It can be observed that for a given period and permittivity, the reactance can be tuned via the chemical potential to be inductive or capacitive.
In Fig. 3 , the imaginary part of the surface impedance (4) as a function of frequency is shown for a single layer of free-standing graphene and metallic patches, as well as, for reference, the case of contiguous graphene and metallic sheets.
[Here and in all following results, the full graphene intraband and interband conductivities are used; 35, 36 in the low THz the intraband is the dominant contribution. For the metal results, we set the metal thickness d as the (frequency variable) skin depth.] All cases are for a dielectric host medium having ε r = 4, and for the patches D = 10 μm and g = 1μm. It can be seen that for the contiguous sheets, the graphene and metal sheets always result in an inductive surface reactance (the metallic sheet case is weakly inductive and lies just above the origin of the vertical axis). For the patch arrays, the surface impedance of the metallic patches is always capacitive, whereas the surface impedance of the graphene patches changes from capacitive to inductive as the frequency increases. It can be observed that at low frequencies the behavior of the graphene patches is similar to that of the metallic patches (capacitive), and at high frequencies the behavior of the graphene patches becomes similar to that of a graphene sheet (inductive). This dual property of graphene patches is the motivation to study the transmission properties through the multilayer stack depicted in Fig. 1 . Furthermore, the frequency f c (see Fig. 3 ) at which the transition from capacitive to inductive surface impedance occurs for graphene patches can be electronically tuned via the chemical potential μ c , and also controlled by varying D and g.
It would seem that we could also achieve ωτ 1 with metal patches at low temperature since τ increases as temperature is lowered. However, it is easy to show that this will still result in only a capacitive reactance (i.e., α m /β > 1). To see this, consider that for a metal the plasma frequency satisfies ω estimate β as
so that
The inequality α m β is then consistent with
If we assume typical periods in the μm range and typical metal thickness values in the nm to μm range (typical skin depth values are in this range), then D/d ∼ 1-100, and so
where δ is a number of order 1-10, and since ω ω p in the THz range, the grid reactance of a metal patch array will be capacitive even if we achieve ωτ 1 by decreasing temperature or increasing material purity. In the vicinity of the plasma frequency, an inductive response is possible, as we discuss later.
In the next section, we consider the transmission problem of the multilayer structure (Fig. 1) obtained by the transfer-matrix approach for the dielectric slabs along with the two-sided impedance boundary conditions at the patch-dielectric interfaces, where the properties of the patch surfaces are described by Eq. (4). [42] [43] [44] [45] If the surface impedance expression was exact and the structure was laterally infinite, the transfer-matrix method would yield the exact solution of Maxwell's equations. The results obtained using the above analytical model are validated using full-wave finite-element-based numerical simulations (HFSS), 37 in which case a surface impedance for the patch array is not specified and the actual patch geometry is modeled (both methods use the same intraband and interband graphene conductivity models). Alternatively, one can use the circuit model described in Refs. 12, 13 , and 46 to analyze the multilayer stack with the graphene patches modeled as a shunt admittance (Y s = 1/Z s ) across the transmission-line sections.
III. RESULTS AND DISCUSSIONS
In this section, we study in detail the transmission through a multilayer stack of patches separated by dielectric slabs for a plane wave at normal incidence. We first consider a five-layer stack of graphene patch arrays with period D = 10 μm and gap g = 1 μm, separated by four dielectric slabs each with permittivity ε r = 4 and thickness h = 10 μm. The analytical (matrix-based) results for the transmissivity |T | 2 through the stack of graphene patches for different values of μ c , along with the transmission properties of metallic patch arrays and metallic apertures/mesh-grids (fishnets), are shown in Fig. 4 . Here, similar geometrical parameters are assumed for all four structures. From Figs. 4(a) and 4(b) it can be observed that at low frequencies, the graphene patch arrays (shown using the solid black lines) correspond to a capacitive surface impedance, similar to the metallic patch arrays shown in Fig. 4(c) , and, consequently, the transmissivity behavior shows a passband starting from zero frequency and up to a certain upper frequency. As frequency increases, the surface reactance becomes inductive (see Fig. 3 ) and the transmissivity behavior becomes equal to that of the (inductive, see Fig. 3 ) graphene sheets (dashed red curves). This is similar to the case of an array of apertures/mesh-grids (which are complementary to the metal patch case, and so have a complementary, i.e., inductive, nature), as shown in Fig. 4(d) . Clearly, the graphene patch arrays exhibit a combined effect similar to the transmission properties of (capacitive) metal patches at low frequencies and to the (inductive) aperture arrays or solid graphene sheets at higher frequencies. However, the transmission resonances in the first passband are not exactly the same as those of the metallic patches, particularly, the number of transmission resonances, due to the presence of losses in the graphene patches. To further show this combined filtering property, in Fig. 5 we plot the transmissivity |T | 2 for a larger number of layers. One can still clearly notice the low passband (starting from zero frequency), followed by a deep stopband, and then a second passband. Also, it can be noticed that with an increase in the number of layers, the number of transmission peaks which corresponds to the number of coupled layers increases, still maintaining the same characteristic frequency bands.
In order to understand the propagation of electromagnetic waves through the multilayer stack of graphene patches, i.e., to predict the frequency bands of transmission and rejection, here we employ Bloch-wave analysis, similar to that reported in Refs. 12,13, and 47. Following Ref. 47 , the dispersion equation for the Bloch waves can be written as
where k b is the Bloch wave number, θ = k d h is the electrical thickness of the slab,
is the freespace impedance, and ε r is the permittivity of the dielectric slabs.
The Bloch wave number is real in the region of those frequencies for which |cos(θ ) + j (Z d /2Z s )sin(θ )| < 1, which corresponds to propagating waves (passband), and imaginary for complementary (band-gap) regions. The Brillouin diagram for any band can be obtained from Eq. (13) . Figure 6 shows the band diagrams for the structure under study for two different values of μ c (0.5 and 1 eV), with and without ohmic losses in the graphene patch. In the presence of losses one can clearly notice the perturbation in the band behavior. Also, it can be observed that the Brillouin diagrams perfectly predict the passband and stopband regions of the corresponding finite-layer structures [shown in Figs. 5(a) and 5(b) ]. The interesting observation is the reversal in the passband regions. That is, after the first stopband, the second passband should in general be backward, however, due to the change in the behavior of the graphene patch arrays (i.e., from capacitive to inductive), one can clearly notice the change in the passband regions. In fact, this change inside the first stopband region occurs at the same frequency where the impedance of the graphene patch changes from inductive to capacitive. This frequency of transition corresponds to absorption by the stack; transmission is practically zero and the reflection is very low (results for reflection are omitted).
To further verify the dual nature of graphene patches, in Figs. 7(b)-7(d), we plot the electric-field distributions for the resonance modes corresponding to the frequency points A, B, and D in Fig. 7(a) . Figure 7(b) shows the electricfield distributions along the length of the structure in the propagation direction (z) for the mode A in the first passband region for two structures: a stack of graphene patch arrays and a stack of metallic patch arrays [the transmissivity |T | 2 behavior for the stack of metallic patches is not shown here, but can be seen in Fig. 4(c) ]. The resonant frequencies of mode A in the first passband for the two structures are 1.048 and 1.211 THz, respectively. Based on the field behavior it is clear that the first passband region of a stack of graphene patches mimics the behavior of stacked metallic patch arrays, however, with some perturbations. Similarly, in Fig. 7(c) we plot the field distributions for another resonance mode of the stacked graphene patches in the second passband region. Since in this region the behavior of graphene patches changes to inductive, it is relevant to compare its field behavior with a similar stack of graphene sheets. Here, we plot the second mode (mode B) with resonant frequencies 3.529 and 3.172 THz, respectively. Again, the field behavior of the stack of graphene patches resembles to that of the stack of graphene sheets with some small perturbations in the field. Further, in Fig. 7(d) we show the field behavior of a similar stack of graphene patches and graphene sheets for mode D (with resonant frequencies 6.133 and 6.122 THz, respectively) in the second passband region. In this case, based on the transmissivity behavior shown in Fig. 7(a) it is clear that the behavior of the graphene patches is quite similar to that of the graphene sheets. Hence, as expected, the field behaviors shown in Fig. 7(d) are also the same.
In addition, in Fig. 8 we present the magnitude of the total electric-field distributions in the four-layer graphene patchdielectric stack calculated using HFSS, with μ c = 0.5 eV. The results are obtained at the resonant frequencies of the modes A (in first passband region, PB-I) and B (second mode in second passband region, PB-II), clearly demonstrating the field distributions associated with those shown in Figs. 7(b) and 7(c). For mode B [with the field distribution shown in Fig. 8(b) ], the field value is low in the middle graphene patch and is concentrated more near the remaining graphene patches, which is consistent with the electric-field distributions shown in Fig. 7(c) . Further, this behavior [ Fig. 8(b) , numerically calculated using HFSS] also resembles to that of the stack of graphene sheets as noticed in Fig. 7(b) in Ref. 9 . Similarly, for mode A [with the field distribution shown in Fig. 8(a) ], the field value is zero near the middle graphene patch, which is consistent with the electric-field distribution shown in Fig. 7(b) . Another interesting fact to be noticed is that in Fig. 8(a) , the field behavior of the graphene patch-dielectric stack shows a strong confinement of the field around the edges (which resembles exactly to that of the multilayer metallic patch-dielectric stack) due to a capacitive nature of the patches (results for the stack of metallic patch arrays are not shown here for the sake of brevity). These field behaviors (shown in Fig. 8 ) clearly demonstrate the dual nature of the graphene patches at low-THz frequencies, i.e., acting as a low-loss capacitive surface at low frequencies, and as a low-loss inductive surface at higher frequencies.
Finally we mention that although as stated above, metal patch arrays always present a capacitive surface reactance in the THz regime, we observe a dual capacitive-inductive nature of thin metal (silver) patches in the visible spectrum. The Drude model is a poor approximation for metals in this frequency range, and here we use a fit based on measured data 48 for the permittivity, utilizing an augmented Drude model. 49 Figure 9(a) shows the surface impedance for three different thickness values (t) of the metal (here t = d is fixed and is not the skin depth as used for the THz calculations), with the corresponding transmissivity shown in Fig. 9(b) for a five-layer structure, where D = 100 nm, g = 10 nm, h = 166 nm, and r = 1 (results were computed using the transfer-matrix approach). It can be seen that for the thicker metal case (t = 25 nm), the response is always (nearly) capacitive, as occurs at lower frequencies. For t = 15 nm, there is a range where the surface becomes inductive, and for the thinnest case considered, t = 10 nm, there is a relatively wide frequency range where the patch array acts as an inductive surface. The corresponding transmissivity reflects this, where for the thicker metal the (always capacitive) surface exhibits a low-pass response, but the thinnest metal shows an inductive region starting near 420 THz, leading to a second passband. Additionally, as a reference in Fig. 9(b) , the transmissivity of the five-layer structure with the metal patch arrays replaced by continuous metal sheets (inductive nature) of same thickness (t = 10 nm) is depicted (shown by dashed black curves), showing a low-frequency stopband followed by a passband.
IV. CONCLUSION
Graphene patches have been shown to have a dual (capacitive and inductive) nature at low-terahertz frequencies, which can be interpreted as the combination of the properties of a multilayer stack of metallic patches (capacitive, wherein the geometric patch capacitance dominates over the weak metal inductance), and the properties of a multilayer stack of contiguous graphene sheets (inductive due to large kinetic inductance of the material) in a single configuration of a multilayer stack of graphene patches. The ultimate nature (capacitive or inductive) of the structure depends on the relative strength of the material kinetic inductance compared to the geometric patch capacitance. The analysis is carried out using a simple analytical model based on surface impedance of the patch array, and the results are validated using full-wave numerical simulations. The transmission resonances are identified as Fabry-Pérot resonances of the coupled patch-dielectric cavities. Further, the characteristics of the transmission bands are explained with the help of band diagrams, modeled using a simple analytical model. This bifunctional property of the graphene patches could be useful in the implementation and design of tunable planar filters and metasurface conformal cloaks for dielectric and metallic cylinders. 50 
